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Abstract
This paper is concerned with the design and analysis of symmetric low-regularity
integrators for the semilinear Klein-Gordon equation. We first propose a gen-
eral symmetrization procedure that allows for the systematic construction of
symmetric schemes from existing explicit (non-symmetric) integrators. Apply-
ing this procedure, we derive two novel schemes. Error analyses show that
both integrators achieve their optimal convergence orders in the energy space
under significantly relaxed regularity assumptions. Furthermore, the symmetry
property ensures that the convergence order of a first-order symmetric scheme
improves as the regularity of the exact solution increases. A numerical exper-
iment demonstrates that the proposed second-order symmetric scheme nearly
preserves the system energy over extended periods.
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1 Introduction
In this paper, we focus on the low-regularity numerical approximation of the nonlinear
Klein-Gordon equation (NKGE) on the torus Td (d = 1, 2, 3) of the form{

∂ttu(x, t)−∆u(x, t) = f(u(x, t)), (x, t) ∈ Td × (0, T ],

u(x, 0) = u0(x), ∂tu(x, 0) = v0(x), x ∈ Td,
(1.1)

where x ∈ Td denotes the spatial coordinate, t ∈ (0, T ] represents time, u(x, t) is a
complex-valued scalar field, and the nonlinear function f(u) : R → R is the negative
derivative of a potential function V , i.e., f(u) = −V ′(u). This equation arises in
various physical contexts, including magnetic-flux propagation, Bloch-wall dynamics,
dislocation propagation in solids and liquid crystals, and the propagation of ultra-
short optical pulses in two-level media. As a Hamiltonian PDE, the NKGE preserves
the total energy

H(t) =

∫
Td

(
1

2
|∂tu|2 +

1

2
|∇u|2 + V (u)

)
dx ≡ H(0). (1.2)

The numerical approximation of the NKGE poses significant challenges, partic-
ularly for solutions with limited smoothness (low regularity). Classical numerical
methods, including finite difference time domain (FDTD) schemes [1–3], trigonomet-
ric and exponential integrators [4–6], splitting methods [7, 8], and structure-preserving
geometric integrators [9–11], often struggle under these conditions. When the solution
belongs to a Sobolev space Hα×Hα−1 with a relatively small exponent α, these clas-
sical approaches generally require higher regularity (e.g., H2(T) × H1(T) or higher)
to achieve optimal convergence in the natural energy space H1(T) × L2(T). Conse-
quently, for low-regularity solutions, conventional methods either fail to achieve the
expected order of convergence or rely on impractically strict regularity assumptions,
thereby limiting their applicability in scientific computation.

In recent years, low-regularity integrators (LRIs) have emerged as a powerful
tool to overcome this regularity barrier. The pioneering work of Ostermann and
Schratz [12] introduced a class of exponential integrators capable of handling nons-
mooth solutions of the Schrödinger equation. Building upon this foundation, numerous
low-regularity integrators have since been developed for various systems [13–15].
Regarding the NKGE, Rousset and Schratz [16] established a general framework for
low-regularity integrators that achieves second-order convergence in the energy space
under the regularity assumption (u, ∂tu) ∈ H7/4(T) × H3/4(T). Subsequently, Li,
Schratz, and Zivcovich [17] constructed a second-order low-regularity correction of the
Lie splitting method, which attains second-order accuracy in the energy space under
the weaker requirement (u, ∂tu) ∈ H1+d/4(T)×Hd/4(T) for d = 1, 2, 3.

It is worth noting that none of the aforementioned low-regularity integrators
are symmetric. For Hamiltonian PDEs, however, symmetric integrators constitute a
particularly powerful class of methods [18, 19]. These schemes combine the advan-
tages of exponential integration with time-reversal symmetry, a property that is
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crucial for ensuring superior long-time behavior, such as the near-conservation of
energy. Methodologically, such integrators are often constructed using trigonometric
or exponential filters and implemented explicitly in physical space, typically employ-
ing Fourier pseudospectral discretization for efficiency. Recently, Wang and Zhao
[20] proposed a symmetric low-regularity integrator for the nonlinear Klein-Gordon
equation. However, the approach was restricted to the cubic nonlinearity f(u) = u3 in
one dimension (d = 1). Other symmetric low-regularity integrators have been devel-
oped specifically for the nonlinear Schrödinger equation. In [21], Alama Bronsard
proposed a class of implicit symmetric low-regularity integrators, while Feng, Maier-
hofer, and Wang [22] recently introduced a fully explicit low-regularity scheme for the
same equation.

Despite these advances, most existing low-regularity integrators for the NKGE
lack either symmetry or computational efficiency. In particular, the symmetric scheme
proposed in [20] requires a relatively involved starting procedure and is restricted to
the specific nonlinearity f(u) = u3 in one spatial dimension (d = 1). Conversely, the
low-regularity integrators for the NKGE presented in [16, 17] are non-symmetric and
consequently suffer from energy drift over long-time simulations. These limitations
motivate the development of simple, symmetric low-regularity integrators that com-
bine favorable convergence properties under low regularity with superior long-time
conservation behavior.

The main contributions of this work are as follows:
• The proposed schemes are explicit, symmetric, and low-regularity. They are easy to

implement, and thanks to their symmetry, they exhibit near-conservation of energy
over long time intervals.

• We demonstrate that symmetrising the classical Lie splitting scheme yields a
symmetric method, denoted sLRI1, which delivers improved convergence proper-
ties compared to the original non-symmetric version, even under low-regularity
conditions.

• Based on the second-order low-regularity corrected Lie splitting method proposed
in [17], we design a symmetric two-step scheme named sLRI2. This new scheme
retains second-order convergence in (H1(T)×L2(T)) under the same low-regularity
assumption (H1+d/4(T)×Hd/4(T)), with its symmetry ensuring excellent long-time
conservation.

To the best of our knowledge, this is the first symmetric low-regularity expo-
nential integrator for the NKGE with general nonlinearities. It combines a simple
two-step structure (requiring only one evaluation of the nonlinearity per time step)
with provable near-conservation properties over long time intervals. Numerical exper-
iments confirm that the new scheme outperforms existing low-regularity methods in
terms of both accuracy and long-time behaviour.

The remainder of the paper is organized as follows. In Section 2, we present the
construction of the symmetric low-regularity schemes. Section 3.1 provides the sta-
bility and convergence analysis of sLRI1, while Section 3.2 is dedicated to that of
sLRI2. Finally, numerical experiments in Section 4 illustrate the performance of the
new integrators.
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In this paper, C(·) denotes a generic positive constant depending on its argument
(·). The notation A ≲ B signifies the inequality A ≤ CB, where the constant C > 0
is independent of the time step τ (and the spatial mesh size h, if applicable).

2 Explicit symmetric low-regularity integrators
We rewrite the semilinear Klein-Gordon equation into the following first-order system:{

∂tU − LU = F (U), (x, t) ∈ T× (0, T ],

U(t0) = U0, x ∈ T,
(2.1)

with
U =

(
u
ut

)
, U0 =

(
u0

v0

)
, F (U) =

(
0

f(u)

)
, (2.2)

and
L :=

(
0 I
∆ 0

)
: (H2(T) ∩H1

0 (T))×H1(T) → H1
0 (T)× L2(T) (2.3)

is the infinitesimal generator of group {etL}t∈R. Typically, we assume that f ∈
C2(R;R) and the Lipschtz condition

sup
x∈R

|f (j)(x)| ≤ L < ∞ (2.4)

holds for j = 1, 2.
We begin by constructing an explicit first-order symmetric numerical scheme using

the variation-of-constants formula, and then outline a general procedure for deriving
symmetric numerical scheme based on this construction. Recall the definition in [11]
of symmetric numerical schemes:

Definition 2.1. A two-step method yn+1 = Φτ (yn, yn−1) with the time stepsize τ > 0
is symmetric or time-reversible, if exchanging n+ 1 ↔ n− 1 and τ ↔ −τ leaves the
method unaltered.

2.1 Construction of a specific explicit symmetric LRI
Letting τ > 0 is the time stepsize and tn = nτ for n = 0, 1, · · · , [T/τ ], the variation-
of-constant formula to (2.1) is (we omit x for brevity from now on)

U(tn + s) = esLU(tn) +

∫ s

0

e(s−σ)LF (U(tn + σ)) dσ, ∀s ∈ (0, τ ]. (2.5)

Multiplying esL on both sides of (2.5) and taking s = τ , s = −τ , we have

e−τLU(tn+1) = U(tn) +

∫ τ

0

e−sLF (U(tn + s)) ds,
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eτLU(tn−1) = U(tn)−
∫ 0

−τ

e−sLF (U(tn + s)) ds.

Subtracting the above two equations gives

e−τLU(tn+1)− eτLU(tn−1) =

∫ τ

−τ

e−sLF (U(tn + s)) ds. (2.6)

Multiplying eτL on both sides, we have

U(tn+1) = e2τLU(tn−1) +

∫ τ

−τ

e(τ−s)LF (U(tn + s)) ds. (2.7)

Expanding the right side of (2.7) by Taylor’s theorem yields

U(tn+1) =e2τLU(tn−1) +

∫ τ

−τ

e(τ−s)LF (U(tn + s)) ds

=e2τLU(tn−1) +

∫ τ

−τ

eτLF (U(tn)) ds

+

∫ τ

−τ

e(τ−s)L[F (U(tn + s))− F (esLU(tn))]ds

+

∫ τ

−τ

eτL
∫ s

0

d

dσ
(e−σLF (eσLU(tn))) dσ ds

:=e2τLU(tn−1) + 2τeτLF (U(tn)) +Rτ (tn). (2.8)

Therefore we obtain
Un+1 ≈ e2τLUn−1 + 2τeτLF (Un). (2.9)

To compute the first step U(t1), we can use a well-known first-order low regularity
approximation like Lie splitting in [17], i.e.,

U1 := eτLU0 + τeτLF (U0).

This gives us the following numerical method denoted by sLRI1:

Un+1 =e2τLUn−1 + 2τeτLF (Un), n ≥ 1,

U1 =eτLU0 + τeτLF (U0).
(2.10)

Remark 2.1. Exchanging n+ 1 ↔ n− 1 and τ ↔ −τ gives

Un−1 = e−2τLUn+1 − 2τe−τLF (Un). (2.11)

Multiplying both sides of (2.11) by e2τL yields (2.10), from which it follows that
the scheme is symmetric. This observation motivates the question of whether, for an
arbitrary explicit low-regularity integrator, one can apply an analogous procedure to
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construct a corresponding symmetric method. As shown in the next subsection, the
answer to this question is affirmative.

2.2 General method for constructing symmetric scheme
From the variation-of-constants formula (2.5), let

Un+1 = eτLUn +Ψτ (U
n) +Rn

τ (2.12)

be a prescribed exponential integrator, where Ψτ denotes the higher-order terms and
Rn

τ represents the remainder corresponding to the step number n. This implies

Un+1 = eτLUn +Ψτ (U
n) +Rn

τ ,

Un−1 = e−τLUn +Ψ−τ (U
n) +Rn

−τ .

Equivalently, one has

e−τLUn+1 = Un + e−τLΨτ (U
n) + e−τLRn

τ , (2.13)
eτLUn−1 = Un + eτLΨ−τ (U

n) + eτLRn
−τ . (2.14)

Hence we obtain

Un+1 = e2τLUn−1 + [Ψτ (U
n)− e2τLΨ−τ (U

n)] + [Rn
τ − e2τLRn

−τ ]. (2.15)

This inspires us to define the following two-step scheme:

Un+1 = e2τLUn−1 +Ψτ (U
n)− e2τLΨ−τ (U

n),

U1 : = eτLU0 +Ψτ (U
0).

(2.16)

It can be seen that the numerical scheme constructed using the above method
exhibits symmetry. Let τ be its oppsite, we have

Un−1 = e−2τLUn+1 +Ψ−τ (U
n)− e−2τLΨτ (U

n). (2.17)

After multiplying both sides of (2.17) by e2τL, it is clear to verify that the scheme
(2.16) is symmetric.

If we set the higher-order term (corresponding to the classic Lie splitting method)
to be

Ψτ (U
n) = τeτLF (Un),

we obtain the first-order symmetric scheme definitiond in (2.10). As a second applica-
tion of the above procedure, we shall use the Lie splitting method with low-regularity
correction terms in [17] and (2.16) to construct the following second-order symmetric
scheme.

The low-regularity correction of Lie splitting definitiond in [17] is

Un+1 = eτLUn + τeτLF (Un) + τ2eτLφ2(−2τL)H(Un), (2.18)
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where
φ2(A) := A−2(eA −A− I) (2.19)

and
H(U(tn)) := (−f(u(tn)), f

′(u(tn))∂tu(tn))
T . (2.20)

We substitute
Ψτ (U

n) = τeτLF (Un) + τ2eτLφ2(−2τL)H(Un) (2.21)
into (2.16), yielding a symmetric scheme (denoted by sLRI2)

Un+1 =e2τLUn−1 + 2τeτLF (Un) + τ2eτL[φ2(−2τL)− φ2(2τL)]H(Un)

=e2τLUn−1 + 2τeτLF (Un)

+ (2L)−1[2τe2τL + (2L)−1(e−τL − e3τL)]︸ ︷︷ ︸
τ2eτLϕ(−2τL)

H(Un), n ≥ 1,

U1 =eτLU0 + τeτLF (U0) + τ2eτLφ2(−2τL)H(U0),

(2.22)

where
ϕ(A) = 2A−2(sinhA−A). (2.23)

3 Convergence results
In this section, we present the convergence results for the two symmetric low-regularity
integrators constructed in Section 2. We place particular emphasis on the first-order
scheme (2.10), for which symmetry yields an improved order of convergence.

By Stone’s theorem and the skew-adjointness of the operator L (cf. [23]), iL gen-
erates a unitary group on H1

0 (T) × L2(T), equivalently {etL}t∈R is a C0 group on
H1

0 (T) × L2(T). Then, by the contraction mapping principle and the global Lip-
schitz property (2.4) of f , the system (2.1) has a unique energy solution U ∈
L∞(0, T ;H1

0 (T) × L2(T)) satisfying the the variation-of-constants formula given in
(2.5).

The energy norm of Klein-Gordon equation (2.1) is

|(w1, w2)
T |1 = |W |1 :=

(
||∇w1||2L2(T) + ||w2||2L2(T)

) 1
2

. (3.1)

More generally, we denote

|W |α :=
(
||w1||2Ḣα(T) + ||w2||2Hα−1(T)

) 1
2

, α ∈ [0, 2]. (3.2)

And some non-energy norms are useful for error analysis:

||W ||α :=
(
||w1||2Hα(T) + ||w2||2Hα−1(T)

) 1
2

, α ∈ [0, 2]. (3.3)

When α < 1, the norms in (3.2) and (3.3) corresponding to the second component are
taken to be the Sobolev norm of the dual space of H1−α(T).
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It is known (see [24, 25]) that the C0 group {etL}t∈R is isometric and bounded in
the norm |·|α and ||·||α respectively. That is, for any W ∈ [Hα(T)∩H1

0 (T)]×Hα−1(T)
and α ∈ [1, 2], we have

|etLW |α = |W |α , ||etLW ||α ≲ ||W ||α , ∀t ∈ R. (3.4)

Furthermore, the following estimate for F (U) defined in (2.2) will be used frequently
in the sequel: for any α ∈ [1, 2] and U = (u, v) ∈ Hα(T)×Hα−1(T), we have

||F (U)||α = ||f(u)||Hα−1(T) ≲ ||U ||α−1 + 1. (3.5)

We write the multi-steps scheme (2.16) in a matrix form

Un+1 = Φτ (U
n), (3.6)

where Un = (Un, Un−1)T , n = 1, 2, · · · and

Φτ (U
n) :=

(
e2τLUn−1 +Ψτ (U

n)− e2τLΨ−τ (U
n)

Un

)
. (3.7)

To estimate the stability of the (2.16), we define a product energy norm on [Hα(T)×
Hα−1(T)]2 as

|||V|||α :=
√
||[V]1||2α + ||[V]2||2α, α ∈ [1, 2], (3.8)

where [v]j is the j-th component of vector v. In the following, we shall frequently use
the fractional Hölder continuity (cf. [26]):

Lemma 3.1. Suppose that r ∈ (0, 1) and W ∈ H1+r(T)×Hr(T). Then it holds that

||(etL − I)W ||1 ≲ tr||W ||1+r. (3.9)

And the bilinear estimates (cf. [27]) is also useful in the sequel:

Lemma 3.2 (Kato-Ponce). For α > d
2 and any f, g ∈ Hα(T), we have

||fg||Hα(T) ≲ ||f ||Hα(T)||g||Hα(T), (3.10)

and
||fg||Hβ(T) ≲ ||f ||Hα(T)||g||Hβ(T), ∀β ∈ [0, α]. (3.11)

3.1 Convergence analysis for sLRI1
We first investigate the stability of (2.10), which will be useful for estimating the
global error of sLRI1.

Proposition 3.1. Suppose the correction term for (3.7) to be

Ψτ (U
n) = τeτLF (Un),
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and U = (U1, U2)
T ,V = (V1, V2)

T are both in [Hs(T)×Hs−1(T)]2 for d = 1, 2, 3 and
max(1, d/2) < s ≤ 2. Then there exists τ0 > 0 sufficiently small and a constant M
independent to τ such that for 0 < τ ≤ τ0,

|||Φτ (U)−Φτ (V)|||s ≤ (1 + τM(||U1||s, ||V1||s))|||U−V|||s. (3.12)

Proof Let [U1]1 = u1, [V1]1 = v1. By Theorem 4.5 in [23, p. 222], we have

|||Φτ (U)−Φτ (V)|||s

≤||e2τL(U2 − V2)||s + ||U1 − V1||s
+ ||Ψτ (U1)−Ψτ (V1)||s + ||Ψ−τ (U1)−Ψ−τ (V1)||s

≤(1 + 2τ)|||U−V|||s + 2τ ||F (U1)− F (V1)||s.

Letting µ(u, v) :=
∫ 1
0 f ′(v + τ(u− v)) dτ , since s > d/2, the product estimate follows

||F (U1)− F (V1)||s =||f(u1)− f(v1)||Hs−1(T)

=||µ(u1, v1)(u1 − v1)||Hs−1(T)

≤C(s, d)||µ(u1, v1)||Hs(T)||u1 − v1||Hs−1(T)

≤C(L, s, d)(1 + ||v1 + τ(u1 − v1)||Hs(T))||u1 − v1||Hs−1(T)

≤C(L, s, d)(1 + ||u1||Hs−1(T) + ||v1||Hs−1(T))|||U−V|||s
:=M(||u1||Hs(T), ||v1||Hs(T))|||U−V|||s. (3.13)

Based on the above analysis, the result (3.12) is obtained immediately. □

Remark 3.1. From the above proof, it is clear that, regardless of the choice of the
higher-order term Ψτ , one always has

|||Φτ (U)−Φτ (V)|||s ≤ ||e2τL|| · |||U−V|||s + 2||Ψτ (U1)−Ψτ (V1)||s. (3.14)

In other words, as long as the following conditions are satisfied: (1). the operator
norm ||e2τL|| admits an upper bound of the form 1 + Cτ ; (2). the given scheme
Un+1 = eτLUn + Ψτ (U

n) is stable; then the symmetric scheme defined by (3.7) is
stable with respect to the norm (3.8).

Next we have the following improved global convergence of (2.10).

Theorem 3.1. Letting 0 ≤ r < 1 and (u0, v0) ∈ H1+r(T) × Hr(T), the numerical
solution Un given by (2.10) satisfies the error bound

||U(tn)− Un||1 ≤ C1(T, r)τ
1+r, 0 ≤ n ≤ T/τ, (3.15)

where the time step size τ is small sufficiently, and C1 is some positive constant
independent of the stepsize τ but may depend on T and r.
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Proof Set
Rτ (tn) : = U(tn+1)− e2τLU(tn−1)− 2τeτLF (U(tn))

= eτL(R1(tn) +R2(tn))
(3.16)

with

R1(tn) :=

∫ τ

−τ
e−sL[F (U(tn + s))− F (esLU(tn))] ds, (3.17)

R2(tn) :=

∫ τ

−τ
e−sL[F (esLU(tn))− F (U(tn))] ds. (3.18)

To estimate R1(tn), we define the integrand by

X(σ, s) := F (e(s−σ)LU(tn + σ)), 0 ≤ |σ| ≤ |s| ≤ τ (3.19)

and
∂σX(σ, s) := X1(σ, s). (3.20)

Then we have

R1(tn) =

∫ τ

−τ
e−sL(X(s, s)−X(0, s)) ds

=

∫ τ

−τ
e−sL

∫ s

0
∂σX(σ, s) dσ ds

=

∫ τ

0
e−sL

∫ s

0
X1(σ, s)−

∫ 0

−τ
e−sL

∫ 0

s
X1(−σ,−s) dσ ds

=

∫ τ

0

∫ s

0
e−sLX1(σ, s)− esLX1(−σ,−s) dσ ds. (3.21)

For simplicity of notation, we define the following conventions.

U(tn + t) :=Un(t) = (un(t), vn(t))
T ,

e(s−σ)LUn(σ) :=(ũn(s;σ), ṽn(s;σ))
T ,

Vn(t) :=e−tLUn(t),

Wn(t) :=e−tLF (etLVn(t)).

(3.22)

By the definition of Vn, combining (2.5) and (2.6), we get

||Vn(t)− Vn(−t)||1 ≲
∫ t

−t
||F (Un(s))||1 ds ≲ t

(
max

s∈[−t,t]
||Un(s)||0

)
. (3.23)

Now we determine the explicit expression for X1:

X1(σ, s) = DF
(
e(s−σ)LUn(σ)

)
· ∂σ

(
e(s−σ)LUn(σ)

)
, (3.24)

where DF (x) denotes the Jacobian of F at x. Using the semigroup property

−∂σ
(
e(s−σ)L) = Le(s−σ)L = e(s−σ)LL,

we have

X1(σ, s) =DF
(
e(s−σ)LUn(σ)

) [
−Le(s−σ)LUn(σ) + e(s−σ)LU ′

n(σ)
]

=DF
(
e(s−σ)LUn(σ)

)
· e(s−σ)L(U ′

n(σ)− LUn(σ)
)

=DF
(
esLVn(σ)

)
· e(s−σ)LF (Un(σ))
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=

(
0

f ′(ũn(s;σ)) · [esLWn(σ)]1

)
. (3.25)

Therefore, we can rewrite the integrand as

e−sLX1(σ, s)− esLX1(−σ,−s)

= (e−sL − esL)X1(σ, s)︸ ︷︷ ︸
e1(σ,s)

+X1(σ, s)−X1(−σ,−s)

=e1(σ, s) +DF (esLVn(σ))−DF (e−sLVn(−σ)))esLWn(σ)︸ ︷︷ ︸
e2(σ,s)

+DF (e−sLVn(−σ))(esLWn(σ)− e−sLWn(−σ))︸ ︷︷ ︸
e3(σ,s)

:=e1(σ, s) + e2(σ, s) + e3(σ, s).

(3.26)

According to the (3.1), (3.22) and (3.25), we obtain

||e1(σ, s)||1 =||(e−sL − esL)X1(σ, s)||1
≲sr||f ′(ũn(s;σ)) · [esLWn(σ)]1||Hr(T)

≲τr||f ′(ũn(s;σ))||H1+r(T)||e
sLWn(σ)||1+r

≲τr(∥f ′∥L∞(T) + ∥f ′′∥L∞(T)∥ũn(s;σ)∥H1+r(T))||F (Un(σ))||1+r

≲τr(1 + ||Un(σ)||1)(1 + ||un(σ)||Hr(T))

≲τr
(
1 + max

t∈[−τ,τ ]
||Un(t)||1 + max

t∈[−τ,τ ]
||Un(t)||0

)
. (3.27)

By the embedding H1 ↪→ L4, we have

||e2(σ, s)||1 =||(DF (esLVn(σ))−DF (e−sLVn(−σ)))esLWn(σ)||1
=||[f ′(ũn(s;σ))− f ′(ũn(−s;−σ))] · [esLWn(σ)]1||L2(T)

≤||f ′(ũn(s;σ))− f ′(ũn(−s;−σ))||L4(T)||[e
sLWn(σ)]1||L4(T)

≲||ũn(s;σ)− ũn(−s;−σ)||H1(T)||e
sLWn(σ)||1

≤||esLVn(σ)− e−sLVn(−σ)||1 · ||F (Un(σ))||1
≲(sr||Vn(−σ)||1+r + ||Vn(σ)− Vn(−σ)||1)(|f(0)|+ ||un(σ)||L2(T))

≲τr
(

max
s∈[−τ,τ ]

||Un(σ)||1+r + max
s∈[−τ,τ ]

||Un(σ)||0
)(

1 + max
t∈[−τ,τ ]

||Un(t)||0
)
.

(3.28)

The computation in (3.23) and (3.25) yields

||e3(σ, s)||1 =||DF (e−sLVn(−σ))(esLWn(σ)− e−sLWn(−σ))||1
≲||esLWn(σ)− e−sLWn(−σ)||1
≤||(esL − e−sL)Wn(−σ)||1 + ||Wn(σ)−Wn(−σ)||1
≲sr||Wn(−σ)||1+r + ||(eσL − e−σL)Vn(−σ)||1 + ||Vn(σ)− Vn(−σ)||1
≲τr||F (Un(−σ))||1+r + τr||Un(−σ)||1+r + τ · max

s∈[−τ,τ ]
||Un(s)||0
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≲τr
(
1 + max

s∈[−τ,τ ]
||Un(s)||1+r + max

s∈[−τ,τ ]
||Un(s)||0

)
. (3.29)

Substituting (3.27), (3.28) and (3.29) into (3.21) follows

||R1(tn)||1 ≲ τ2+r
(
1 + max

s∈[−τ,τ ]
||Un(s)||1+r + max

s∈[−τ,τ ]
||Un(s)||0

)2

. (3.30)

We now turn to R2(tn). Analogously to the case of R1(tn), define the integrand by

Y (σ) := e−σLF (eσLU(tn)), 0 ≤ |σ| ≤ τ.

Then, it is obtained that

R2(tn) = eτL
∫ τ

−τ

∫ s

0
Y ′(σ) dσ ds = eτL

∫ τ

0

∫ s

0
Y ′(σ)− Y ′(−σ) dσ ds. (3.31)

Computing directly gives

Y ′(σ)− Y ′(−σ) = e−σL
(

−f(ũ(tn + σ))
f ′(ũ(tn + σ))ṽ(tn + σ)

)
− eσL

(
−f(ũ(tn − σ))

f ′(ũ(tn − σ))ṽ(tn − σ)

)
=e−σL

(
f(ũ(tn − σ))− f(ũ(tn + σ))

f ′(ũ(tn + σ))ṽ(tn + σ)− f ′(ũ(tn − σ))ṽ(tn − σ)

)
︸ ︷︷ ︸

Y1(tn,σ)

+ (e−σL − eσL)

(
−f(ũ(tn − σ))

f ′(ũ(tn − σ))ṽ(tn − σ)

)
︸ ︷︷ ︸

Y2(tn,σ)

:=e−σLY1(tn, σ) + Y2(tn + σ). (3.32)
The following estimate holds for Y1(tn, σ):

||Y1(tn, σ)||1 ≲||f(ũ(tn − σ))− f(ũ(tn + σ))||H1(T)

+ ||f ′(ũ(tn + σ))ṽ(tn + σ)− f ′(ũ(tn − σ))ṽ(tn − σ)||L2(T)

≲||f ′(ũ(tn + σ))∇ũ(tn + σ)− f ′(ũ(tn − σ))∇ũ(tn − σ)||L2(T)

+ ||ũ(tn + σ)− ũ(tn − σ)||L2(T) + ||ṽ(tn + σ)− ṽ(tn − σ)||L2(T)

≲||∇ũ(tn + σ)−∇ũ(tn − σ)||L2(T) + ||ṽ(tn + σ)− ṽ(tn − σ)||L2(T)

+ (1 + ||∇ũ(tn + σ)||L2)||ũ(tn + σ)− ũ(tn − σ)||L2(T)

≲(1 + ||U(tn)||1)||(eσL − e−σL)U(tn)||1
≲τr(1 + ||U(tn)||1+r)

2. (3.33)
For Y2(tn, σ), we have

||Y2(tn, σ)||1 ≲τr(||f(ũ(tn − σ))||H1+r(T) + ||ũ(tn − σ)||Hr(T))

≲τr(1 + ||f(ũ(tn − σ))− f(0)||H1+r(T) + ||ũ(tn − σ)||Hr(T))

≲τr(1 + ||∇ũ(tn − σ)||Hr(T) + 2||ũ(tn − σ)||Hr(T))

≲τr(1 + 2||U(tn)||1+r. (3.34)
Therefore combining (3.33), (3.34) and (3.31), we obtain the estimation

||R2(tn)||1 ≲τ2(||Y1(tn, σ)||1 + ||Y2(tn, σ)||1)

≲τ2+r (1 + ||U(tn)||1+r)
2 . (3.35)
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Let U(tn) = (U(tn), U(tn−1))
T . Plugging (3.30) and (3.35) into (3.16) gives the local

truncation error estimate

|||U(tn+1)−Φτ (U
n)|||1 = ||Rτ (tn)−e2τLR−τ (tn)||1 ≤ C1

(
sup
t

||U(·, t)||1+r

)
τ2+r. (3.36)

For the global error, we first obtain the following estimate from (3.12) and (3.36):

||U(tn)− Un||1 ≤|||U(tn)−Un|||1
≤|||Φτ (U(tn))−Φτ (U

n)|||1 + |||U(tn+1)−Φτ (U
n)|||1

≤(1 + τM(||Un||1))|||U(tn)−Un|||1 + C1τ
2+r. (3.37)

Then, applying the discrete Gronwall inequality yields that the global error is of order 1+ r,
where the uniform upper bound for M(||Un||1) in (3.37) can be obtained via induction.

□

Remark 3.2. The conclusion in (3.1) requires that the exact solution has (1 + r)-th
order regularity, namely

U ∈ L∞(0, T ;H1+r(T)×Hr(T)), r ∈ [0, 1).

This indicates that, whenever the exact solution possesses r-th order of regularity, the
convergence order of the scheme improves by r-th orders, a gain that stems precisely
from the symmetry of the scheme (2.22). It is worth noting that, for the Schrödinger
equation (cf. [22]), an analogous result yields only an improvement of r/2-th orders
in the convergence order. This discrepancy arises from the different properties of the
semigroups generated by the operator L and the operator i∆.

3.2 Convergence analysis for sLRI2
Based on the analysis given in the above section, we can deduce the convergence for
sLRI2. In a similar way, we first study the stability of (2.22).

Proposition 3.2. Consider the correction term for (3.7) defined as

Ψτ (U
n) = τeτLF (Un) + τ2eτLφ2(−2τL)H(Un),

where U = (U1, U2)
T ,V = (V1, V2)

T ∈ [Hs(T) × Hs−1(T)]2. For d = 1, 2, 3 and
max(1, d/2) < s ≤ 2, there exists a sufficiently small τ0 > 0 and a constant M
independent of τ satisfying, for all 0 < τ ≤ τ0,

|||Φτ (U)−Φτ (V)|||s ≤ (1 + τM(||U1||s, ||V1||s))|||U−V|||s. (3.38)

Proof For j = 1, 2, let [U1]j = uj and [V1]j = vj . Firstly, we have

||Ψτ (U1)−Ψτ (V1)||s ≤ τ ||F (U1)−F (V1)||s + ||τ2eτLϕ2(−2τL)(H(U1)−H(V1))||s. (3.39)

By the (3.13), we obtain

||F (U1)− F (V1)||s ≤ M(||U1||s, ||V1||s)|||U−V|||s.

13



Then, it can be derived that

||τ2eτLϕ2(−2τL)(H(U1)−H(V1))||s

=

∣∣∣∣∣
∣∣∣∣∣
∫ t

0
e−2sL(t− s)(H(U1)−H(V1)) ds

∣∣∣∣∣
∣∣∣∣∣
s

≤τ2
(
||f(u1)− f(v1)||Hs(T) + ||f ′(u1)u2 − f ′(v1)v2||Hs−1(T)

)
≲τ2(||µ(u1, v1)||Hs(T)||u1 − v1||Hs(T))

+ τ2
(
||f ′(u1)(u2 − v2)||Hs−1(T) + ||(f ′(u1)− f ′(v1))v2||Hs−1(T)

)
≲τ2(1 + ||u1||Hs(T) + ||v1||Hs(T))|||U−V|||s

+ τ2(||f ′(u1)||Hs−1(T)|||U−V|||s + ||f ′(u1)− f ′(v1)||Hs−1(T)||v2||Hs(T))

≤τ2C(||U1||s, ||V1||s)|||U−V|||s. (3.40)

By the remark 3.1, combining the (3.13), (3.39) and (3.40), we proved the stability (3.38) of
(2.22). □

Since that in this case the scheme (2.18) is of even order, we cannot expect any
improvement in the convergence order by symmetrisation. The local error of (2.18)
was studied in [17], combining the [17, Section 2.2] and (3.38) we obtain the global
error bound of sLRI2 (2.22).

Theorem 3.2. For d = 1, 2, 3 and (u0, v0) ∈ Hs(T)×Hs−1(T) with 1+ d/4 < s ≤ 2,
the numerical solution Un given by (2.10) satisfies the error bound

||U(tn)− Un||1 ≤ C2(T, r)τ
2, 0 ≤ n ≤ T/τ, (3.41)

where the time step size τ is sufficiently small and C2 is a positive constant independent
of the step size τ but may depend on T and r.

Proof Firstly, the local truncation error estimate studied in [17, Theorem 1.1] yields

|||U(tn+1)−Φτ (U
n)|||1 ≤ C̃2τ

3,

where C̃2 is some positive constant independent of the step size τ . Then we have

|||Φτ (U)−Φτ (V)|||s ≤ (1 + τM(||U1||s, ||V1||s))|||U−V|||s
by the Proposition 3.2. Thus it is deduced that

||U(tn)− Un||1 ≤|||U(tn)−Un|||1
≤|||Φτ (U(tn))−Φτ (U

n)|||1 + |||U(tn+1)−Φτ (U
n)|||1

≤(1 + τM(||U1||s, ||V1||s))|||U(tn)−Un|||1 + C̃2τ
3.

Using the discrete Gronwall inequality and induction we obtain

||U(tn)− Un||1 ≤ C2(T, r)τ
2, 0 ≤ n ≤ T/τ.

□
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4 Numerical experiments
In this section, we present numerical experiments for the Klein-Gordon equation (1.1)
on the time interval T = 1 with the nonlinear term f(u) = sin(u), explicitly, this can
be written as {

∂ttu− ∂xxu = sin(u) in T× (0, 1],

u(x, 0) = u0(x), ∂tu(x, 0) = v0(x) in T.
(4.1)

The choice of a sine-type nonlinearity is motivated by its widespread appearance
in physical models, where equations of this form arise naturally in, for example,
relativistic field theories and lattice dynamics. For the temporal discretization, we
employ the symmetric low-regularity integrators introduced in this paper, while in
space we use a Fourier spectral method with N = 212 grid points xj = jπ/N with
j = −N,−N + 1, · · · , N − 1. The experiments investigate the convergence behav-
ior, computational efficiency and long-time preservation of the energy of sLRI1 (2.10)
and sLRI2 (2.22) under various initial data. Special emphasis is placed on comparing
sLRI1 with LRI1 and sLRI2 with LRI2 in order to highlight the differences in accu-
racy, performance, and long-time stability between the symmetric and nonsymmetric
schemes.

The above-mentioned numerical techniques are:
• LRI1 in [17]: (

un+1

vn+1

)
= eτL

(
un

vn

)
+ τeτL

(
0

sin(un)

)
.

• sLRI1 in (2.10): (
un+1

vn+1

)
=e2τL

(
un−1

vn−1

)
+ 2τeτL

(
0

sin(un)

)
,(

u1

v1

)
=eτL

(
u0

v0

)
+ τeτL

(
0

sin(u0)

)
.

• LRI2 in [17]:(
un+1

vn+1

)
=eτL

(
un

vn

)
+ τeτL

(
0

sin(un)

)
+ (2L)−1

[
τeτL − (2L)−1(eτL − e−τL)

](− sin(un)
cos(un)vn

)
.
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Fig. 1 Global errors err(1) of the the differential schemes for the NLSE (4.1) with initial data in
Hθ(T) of regularity θ = 1.0 and θ = 1.5 .

• sLRI2 in (2.22):(
un+1

vn+1

)
=e2τL

(
un−1

vn−1

)
+ 2τeτL

(
0

sin(un)

)
+ (2L)−1[2τeτL − (2L)−1(e3τL − e−τL)]

(
− sin(un)
cos(un)vn

)
,(

u1

v1

)
=eτL

(
u0

v0

)
+ τeτL

(
0

sin(u0)

)
.

We generate an Hθ ×Hθ−1-initial datum (u0, v0) through

u0(x) =
ϕ1(x)

∥ϕ1∥H1

, ϕ1(x) =
N−1∑
l=−N

ξl
⟨l⟩θ+1/2

eilx, x ∈ T,

and

v0(x) =
ϕ2(x)

∥ϕ2∥L2

, ϕ2(x) =
N−1∑
l=−N

ζl
⟨l⟩θ−1/2

eilx, x ∈ T,

where ξl and ζl are both random numbers uniformly distributed in [0, 1], N = 212

being the maximum frequency of the numerical initial datum (which is chosen much
larger than the maximum frequency of the numerical solution), and

⟨s⟩ =
{
|s|, s ̸= 0,
1, s = 0,

s ∈ R.

Accuracy.
To estimate the global errors at T = 1, we introduce the following error function

err(T ) :=
||un − u(T )||H1(T)

||u(T )||H1(T)
+

||vn − v(T )||L2(T)

||v(T )||L2(T)
.

We first present the convergence orders of sLRI1 and sLRI2 under rough initial
conditions, i.e. θ = 1.2 and θ = 1.5. The convergence orders shown in figure 1 reflect
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Fig. 2 Global errors err(1) of the differential schemes for the NLSE (4.1) with smooth initial data
of regularity θ = 2 and θ = 10 .

Fig. 3 The convergence orders of sLRI1 under regularity regimes θ = 1 and θ = 1.2 .

the low-regularity requirements of the algorithms. Next, we provide the convergence
orders of sLRI1 and sLRI2 under smoother initial conditions (θ ≥ 2). Figure 2 shows
that their convergence orders are both 2, which aligns with the results of Theorem
3.1 and Theorem 3.2. Subsequently, we focus on demonstrating how the convergence
order of sLRI1 varies with initial data of different regularities. As can be seen from
Figures 3, 4 and 5, as the regularity index θ increases within the interval [1, 2], the
convergence order of sLRI1 indeed improves accordingly, until it reaches order 2 when
θ ≥ 2. This precisely confirms the results of our Theorem 3.1.

Efficiency.
The subsequent numerical experiment on CPU time aims to reveal the relationship

between computational complexity and actual runtime for the aforementioned single-
step scheme and the symmetric two-step method. Figure 6 and 7 gives a plot of
Cpu runtime versus error for the above four methods undering Sobolev index θ =
1.2, 1.5, 1.8 and 10.

As shown, with the exception of LRI1 (2.9), the other three methods demonstrate
a significant advantage in computational time, despite some sacrifice in algorithmic
simplicity. Furthermore, it can be observed that the two-step method does not perform
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Fig. 4 The convergence orders of sLRI1 under regularity regimes θ = 1.4 and θ = 1.6 .

Fig. 5 The convergence orders of sLRI1 under regularity regimes θ = 1.8 and θ = 2 .

Fig. 6 Comparison of CPU time versus error under initial conditions in θ = 1.2 and θ = 1.5.

noticeably worse in runtime than the single-step method. It is due to the cancellation
of certain higher-order terms during the construction of the symmetric method.
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Fig. 7 Comparison of CPU time versus error under initial conditions in θ = 1.8 and θ = 10 .

This observed computational advantage stems from the cancellation of higher-
order terms during the symmetric construction process, clearly underscoring the
efficiency merits of our designed symmetric two-step method.

Long time conservations.
Let

Hn(t) :=
1

2

∫
T
(|∂tun|2 + |∂xun|2 + 2 cosu) dx (4.2)

be the global energy of (4.1). We examine the long-time energy conservation properties
of sLRI1 (2.10) and sLRI2 (2.22). In the numerical experiments, we set the time-step
h = 0.1 and the patial discrete mesh M = 27. We use H(Tend)−H(0)

H(0) as the relative
errors of discrete energy over a long interval with initial data (u0(x)/10, v0(x)/10)
lying on different Sobolev spaces.

We first assume Tend = 2000. The comparison in figure 8 and 9 shows that, with the
low regularity initial data θ = 1.5 and θ = 1.7, the symmetric scheme sLRI2 exhibits
approximate energy conservation over long time scales, whereas the non-conservative
scheme (2.18) loses long-term performance in the energy conservation after t > 300.
Similarly, sLRI1 also demonstrates long-time approximate energy conservation and
its relative error is also smaller than that of LRI1.

Furthmore, according to the [9, Theorem 3], symmetric algorithms exhibit better
long-time energy conservation behavior for smooth initial data. Figure 10 displays the
energy conservation properties of sLRI1 and sLRI2 under finial time Tend = 5000 and
the smooth initial data

ũ0(x) =
1

10

√
2a

b
sech(rx),

ṽ0(x) =
c

10

√
2a

b
r sech(rx) tanh(rx),

with r =
√

a
a2−c2 . As can be seen, the symmetric methods maintain excellent energy

conservation even over very long time scales.
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Fig. 8 Relative errors of sLRI1 and sLRI2 for (4.1) with time step h = 0.1, Tend = 2000 and
H1.5(T)×H0.5(T) initial datum.

Fig. 9 Relative errors of sLRI1 and sLRI2 for (4.1) with time step h = 0.1, Tend = 2000 and
H1.7(T)×H0.7(T) initial datum.

Fig. 10 Relative errors of sLRI1 and sLRI2 for (4.1) with time step h = 0.1, Tend = 5000, (a, b, c) =
(0.3, 1, 0.25) in ũ0(x) and ṽ0(x).
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5 Conclusion
In this paper, we formulate and analyze a class of explicit symmetric low-regularity
exponential integrator for the Klein-Gordon equation. This class of integrators main-
tains high accuracy and computational efficiency even when applied to initial data
with low regularity. Furthermore, owing to its symmetry, the method exhibits
excellent long-term energy conservation properties. We also demonstrate that the con-
struction strategy for such symmetric exponential integrators is applicable to other
nonlinear wave equations. Consequently, we believe that this approach paves the way
for the development of a broader class of explicit symmetric low-regularity exponential
integrators.
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